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We present an analysis of the effect of dephasing on the single channel charge relaxation resistance
of a mesoscopic capacitor in the linear low frequency regime. The capacitor consists of a cavity which
is via a quantum point contact connected to an electron reservoir and Coulomb coupled to a gate.
The capacitor is in a perpendicular high magnetic field such that only one (spin polarized) edge state
is (partially) transmitted through the contact. In the coherent limit the charge relaxation resistance
for a single channel contact is independent of the transmission probability of the contact and given
by half a resistance quantum. The loss of coherence in the conductor is modeled by attaching to it
a fictitious probe, which draws no net current. In the incoherent limit one could expect a charge
relaxation resistance that is inversely proportional to the transmission probability of the quantum
point contact. However, such a two terminal result requires that scattering is between two electron
reservoirs which provide full inelastic relaxation. We find that dephasing of a single edge state in the
cavity is not sufficient to generate an interface resistance. As a consequence the charge relaxation
resistance is given by the sum of one constant interface resistance and the (original) Landauer
resistance. The same result is obtained in the high temperature regime due to energy averaging
over many occupied states in the cavity. Only for a large number of open dephasing channels,
describing spatially homogenous dephasing in the cavity, do we recover the two terminal resistance,
which is inversely proportional to the transmission probability of the QPC. We compare different
dephasing models and discuss the relation of our results to a recent experiment.
I. INTRODUCTION
Interest in quantum coherent electron transport in the
AC regime has been revived recently thanks to progress
made in controlling and manipulating small high mobil-
ity mesoscopic structures driven by high frequency pe-
riodic voltages at ultra low temperatures. The state of
the art includes the realization of high frequency single
electron sources, which might be important for metrol-
ogy. In Ref. 1 this was achieved by applying large am-
plitude periodic voltage pulses of a few hundred MHz
on the gate of a mesoscopic capacitor. The accuracy of
this single electron emitter was analyzed theoretically in
Ref. 2. In Ref. 3, pulses of surface acoustic waves were
used to transport electrons one by one on a piezoelec-
tric GaAs substrate. Two parameter quantized pump-
ing with localized electrical potentials has been demon-
strated in Ref. 4 and one parameter non-adiabatic quan-
tized charge pumping in Ref. 5. These experiments use
frequencies in the GHz range to control the population
and depopulation of one (or several) localized level(s).
Thus the dynamics of charge relaxation is of central im-
portance for these experiments.
Of particular interest to us here is the work of Gabelli
et al.6, who succeeded in measuring both the in and out
of phase parts of the linear AC conductance G(ω) =
I(ω)/V (ω) of a mesoscopic capacitor at the driving fre-
quency ω ≈ 1GHz. The capacitor consists of a sub-
micrometer Quantum Dot (QD) connected to an elec-
tron reservoir via a tunable Quantum Point Contact
(QPC) and capacitively coupled to a metallic back or
top gate (see Fig. 1).
The question “What is the RC-time of a quantum co-
herent capacitor?” has been theoretically addressed by
Bu¨ttiker, Thomas and Preˆtre7. In the low frequency
regime ω ≪ 1/τRC , where τRC is the RC-time of the
system, the response is determined by an electrochem-
ical capacitance Cµ and a charge relaxation resistance
Rq. Together these determine the RC-time in complete
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FIG. 1: (Color online) Mesoscopic Capacitor. The full blue
curve represents the current carrying channel connected to the
reservoir via the QPC while the dashed dotted black curves
represent additional localized states, disconnected from the
reservoir. As an example, the innermost edge state (highest
Landau Level) is here split into three localized states illus-
trating the possibility of having more than one localized state
per Landau Level. The red dashed lines represent incoherent
scattering between states in the cavity. T is the transmission
probability of the QPC and ε is the inter-channel coupling
strength. U(ω) is the Fourier transform of the time-dependent
electric potential U(t) inside the cavity. The functions of the
various voltages are discussed in the text.
analogy to the classical case: τRC = RqCµ . These two
quantities however differ fundamentally from their clas-
2sical counterparts. In particular the quantum RC-time
obtained from their product, is sensitive to the quantum
coherence of the system and consequently displays typical
mesoscopic fluctuations8,9,10,11. For a system, with many
conducting channels9, these fluctuations are present sep-
arately in both the capacitance and the resistance. Sur-
prisingly, for a coherent capacitor with a single chan-
nel, only the capacitance fluctuates and the resistance
is found to be constant and given by half a resistance
quantum12
Rq =
h
2e2
. (1)
This quantization has indeed been observed experimen-
tally6 thus establishing a novel manifestation of quantum
coherence in the AC regime.
The claim that the quantization of Rq requires quan-
tum coherence is perhaps not so astonishing. The inter-
esting question is the length scale on which coherence is
necessary. For the integer quantized Hall effect13 coher-
ence is necessary only over a cyclotron radius which is
sufficient to establish a Landau level structure. In fact
as discussed in Ref. 14 inelastic scattering (the destruc-
tion of long range coherence) can even help to establish
quantization of the Hall resistance. Similarly in quan-
tum point contacts15,16 coherence over the width of the
conduction channel is in principle sufficient to establish
a step-like structure of the conductance. In contrast, as
we will show, the quantization of the charge relaxation
resistance requires coherence over the entire capacitance
plate (the quantum dot) and not only over the contact
region. Thus the quantized charge relaxation resistance
in Eq. (1) is indeed very sensitive to dephasing.
There is a second important aspect in which the quan-
tized charge relaxation resistance Rq = h/(2e
2) differs
from quantization of a Hall resistance13 or of a ballistic
conductance15,16. In both of these latter cases quanti-
zation is associated with perfect transmission channels
which permit unidirectional electron motion through the
sample. In contrast, the quantization of Rq is indepen-
dent of the transmission probability of the contact! For a
coherent capacitor plate connected via a single spin po-
larized channel to a reservoir the quantization of Rq is
truly universal and holds even in the Coulomb blockade
regime17.
Of course, no matter how pure the samples are, a spuri-
ous interaction of the system with environmental degrees
of freedom, is unavoidable. This introduces dephasing
into the system.
It is thus of interest to ask how dephasing affects the
quantization of the single channel charge relaxation resis-
tance and to investigate the crossover from the coherent
to the incoherent regime. Furthermore, in typical mea-
surements the temperature, though low compared with
the level spacing of the sample, is still comparable to
other relevant energy scales such as the driving frequency
or the coupling strength between cavity and lead. From
a theoretical point of view it is thus desirable to be able
to distinguish between thermal averaging and effects due
to pure dephasing and to understand the interplay be-
tween these two fundamental mechanisms. Intuitively,
one would expect that in the presence of strong enough
dephasing, the QD starts behaving like an electron reser-
voir and thus that a fully incoherent single channel ca-
pacitor should exhibit the two terminal resistance
Rq =
h
e2
1
T , (2)
where T is the transmission probability of the channel
through the QPC connecting the system to the electron
reservoir. Interestingly, neither dephasing nor energy av-
eraging (high-temperature limit) lead directly to Eq. (2).
We find that for the QD to become a true electron reser-
voir it is necessary that many channels participate in the
inelastic relaxation process which a true reservoir must
provide.
In the present work we employ a description of dephas-
ing provided by the voltage and dephasing probe mod-
els18,19,20,21,22, where one attaches a fictitious probe to
the system which can absorb and re-emit electrons from
or into the conductor. If the probe supports only one
channel, we find that the charge relaxation resistance of
the fully incoherent mesoscopic capacitor is given by
Rq =
h
2e2
+
h
e2
1− T
T , (3)
Hence, the charge relaxation resistance is given by the
sum of the resistance as found from the (original) Lan-
dauer23 formula h/e2(1 − T )/T and one interface re-
sistance24,25 h/(2e2). Incidentally, as we show below,
this is also the value of Rq obtained in the high tem-
perature limit for the coherent system, illustrating an
interesting relation between single channel dephasing
and temperature induced phase averaging. A hybrid
superconducting-normal conductor provides another ge-
ometry with only one normal narrow-wide interface26.
In the next two sections, we introduce the physical
system and the dephasing models. Then in section IV,
we specialize our model to a specific form of the scatter-
ing matrix appropriate for transport along edge states of
the integer quantum Hall regime and discuss the main
results. Finally, our conclusions are given in section V.
II. THE MESOSCOPIC CAPACITOR
The system we consider can be viewed as the meso-
scopic equivalent of the ubiquitous classical series RC
circuit. One of the macroscopic “plates” of the classical
capacitor is replaced by a QD and the role of the resis-
tor is played by a QPC connecting this QD to an elec-
tron reservoir. This system is represented schematically
in Fig. 1. The curves with arrows represent the trans-
port channels of the system corresponding physically to
edge states of the integer (spin polarized) quantum Hall
regime, in which the experiment of Ref. 6 was performed.
3By varying the gate voltage VQPC , one changes both the
transparency of the QPC and the electrostatic potential
in the cavity. In the present work we take the gate voltage
Vg, applied to the macroscopic “plate” of the capacitor,
as a fixed voltage reference and set it to zero. A sinu-
soidal AC voltage V (ω), applied to the electron reservoir,
drives an AC current through the system.
The low frequency linear AC response of the meso-
scopic capacitor can be characterized7 by an electrochem-
ical capacitance Cµ and a charge relaxation resistanceRq,
defined via the AC conductance as
G(ω) = −iωCµ + ω2C2µRq +O(ω3) . (4)
The linear low frequency regime is given by eVac ≪ ~ω ≪
∆, where Vac is the amplitude of the AC voltage and ∆
is the mean level spacing in the QD.
Even in very clean samples some coupling of the cur-
rent carrying edge channel to some environmental states
is unavoidable. For example, we can expect that an elec-
tron entering the QD in the current carrying edge channel
(full blue curve in Fig. 1) may be scattered (red dashed
lines in Fig. 1) by phonons or other electrons into lo-
calized states belonging to other (higher) Landau levels
not directly connected to the lead, before being scattered
back into the open edge channel and returning to the elec-
tron reservoir. If on the one hand, this inter-edge state
scattering is purely elastic, the presence of these closed
states is known to lead to a periodic modulation of the
conductance as a function of gate voltage, the period of
which is proportional to the number of closed states27,28.
Such modulations, with a period corresponding to about
10 to 15 closed states, have indeed been observed in the
experiment of Ref. 6 at low temperatures for a magnetic
field strength of 1.3T. If on the other hand the scattering
is inelastic, such processes will in general be incoherent,
i.e. they will destroy the information carried by the phase
of the electronic wave and hence lead to dephasing.
The idea of the present work is to mimic the latter
processes using the voltage and dephasing probe models
as illustrated in Fig. 2. The extension of these models
to the AC regime is presented in the next section. For
simplicity, we will here neglect the contribution of the
elastic processes and focus solely on the inelastic ones.
III. VOLTAGE AND DEPHASING PROBE
MODELS IN THE AC REGIME
To simulate the loss of phase coherence of electrons
inside the cavity, we attach to the quantum dot a fic-
titious probe18,19,20,21, which draws no net current. An
electron entering this probe is immediately replaced by
an electron re-injected incoherently into the conductor.
The main advantage of this approach is that the entire
system consisting of the conductor and the probe can be
treated as a coherent multi-terminal conductor within the
scattering matrix approach. Some recent applications of
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FIG. 2: (Color online) Schematic representation of the voltage
and dephasing probe models. The incoherent inter-channel
coupling depicted in Fig. 1, is mediated by a Voltage Probe
(VP) or a Dephasing Probe (DP) represented as a shaded
plane. The entire system including the fictitious probe, which
draws no net current, is again described as a coherent multi-
terminal scatterer.
this approach include investigations on the effect of de-
phasing on quantum pumping29,30, on quantum limited
detection31 and on photon assisted shot noise32. The
effect of dephasing on shot noise and higher moments
(counting statistics) has been investigated in Refs. 22
and 33. A probe which dephases spin states has been
introduced in Ref. 34.
In terms of the spectral current density iα(E,ω), the
current at the driving frequency ω into probe α is ex-
pressed as
Iα(ω) =
∫
dE iα(E,ω) . (5)
The gauge invariant spectral current in turn is given by
iα(E,ω) =
∑
β
gαβ(E,ω)(Vβ(ω)− U(ω)) , (6)
where
gαβ(E,ω) =
e2
h
Fβ(E,ω)tr[1 αδαβ − S†αβ(E)Sαβ(E + ~ω)]
(7)
is the (unscreened) spectral AC conductance from probe
β to probe α and Fβ(E,ω) = [fβ(E) − fβ(E + ~ω)]/~ω,
fβ being the electron distribution function in probe β.
Vβ(ω) is the voltage applied to reservoir β and U(ω) is
the Fourier transform of the electric potential inside the
QD, which is assumed to be homogeneous. The inclusion
of this potential, which accounts for the screening inter-
action between charges on the conductor and charges on
the gate electrode, is essential to ensure gauge invari-
ance in the dynamical regime7. Finally, Sαβ(E) is the
(Nα + Nβ) × (Nα + Nβ) scattering matrix for electrons
with energy E scattered from the Nβ channels of probe
β to the Nα channels of probe α.
In the following we will be interested in the situation
where only one current carrying channel (full blue curve
in Fig. 2) connects the QD to the electron reservoir (N1 =
1), while the number of channels coupling to the fictitious
probe Nφ is arbitrary.
4For the voltage probe, we require that the current into
the fictitious probe vanishes at each instant of time or
equivalently at all frequencies, i.e. Iφ(ω) = 0. For the
dephasing probe, we require in addition that the current
into the probe vanishes in any infinitesimal energy inter-
val dE and thus that the spectral current iφ(E,ω) = 0.
This latter condition simulates quasi-elastic scattering
where the energy exchanged is small compared to all
other energy scales. Clearly, with these definitions, a
dephasing probe is also a voltage probe but a voltage
probe need not be a dephasing probe. In both cases how-
ever, current conservation implies that I(ω) ≡ I1(ω) =
−iωCU(ω), where C is the geometrical capacitance of
the QD. This relation, together with Eqs. (5) and (6),
allows us to self-consistently eliminate the internal po-
tential U(ω) in the usual fashion7.
A. Voltage probe
From the condition Iφ(ω) = 0, we find the AC conduc-
tance
G(ω) =
I(ω)
V (ω)
=
−iωCχ(ω)
χ(ω)− iωC , (8)
where
χ(ω) = g11(ω)− g1φ(ω)gφ1(ω)
gφφ(ω)
. (9)
Here and for all of the following, we have introduced the
notation gαβ(ω) =
∫
dEgαβ(E,ω). Upon expanding to
second order in ω and comparing coefficients with (4),
we find
Cµ =
Cχ1
−iC + χ1 and Rq = −
χ2
χ12
, (10)
with
χ1 =
∑
α,β
g1αβ and χ2 =
∑
αβ
(
g2αβ − g1αφg1φβ/g0φφ
)
, (11)
where gαβ(ω) = g
0
αβ+g
1
αβω+g
2
αβω
2+O(ω3) and χ(ω) =
χ1ω + χ2ω
2 +O(ω3). The conductance expansion coeffi-
cients are given in terms of the scattering matrix and its
energy derivatives as
giαβ =
∫
dEf ′β(E)A
i
αβ(E) , (i = 1, 2, 3) (12)
with
A0αβ = −
e2
h
tr[1 αδαβ − S†αβSαβ ] ,
A1αβ =
e2
4π
tr[S†αβS
′
αβ − (S′αβ)†Sαβ] , (13)
A2αβ = −
e2h
8π2
tr[S′αβ
†
S′αβ −
1
3
(
S†αβSαβ
)′′
] ,
where ′ denotes differentiation with respect to E and for
compactness we have suppressed the energy arguments.
In the voltage probe model the electrons in the fictitious
lead are allowed to relax towards equilibrium arbitrarily
fast and we thus have fφ(E) = f1(E) = 1/[1+exp(β(E−
EF ))] ≡ f(E).
B. Dephasing probe
In contrast to the voltage probe, the distribution func-
tion fφ(E) of the dephasing probe is a priori not known.
The requirement iφ(E,ω) = 0, together with Eq. (6)
yields
G(ω) =
−iωCχ˜(ω)
χ˜(ω)− iωC , (14)
where
χ˜(ω) ≡ g11(ω)−
∫
dE
g1φ(E,ω)gφ1(E,ω)
gφφ(E,ω)
. (15)
The electrochemical capacitance and the charge relax-
ation resistance are given in terms of the first and second
order frequency expansion coefficients χ˜1 and χ˜2 as
Cµ =
Cχ˜1
−iC + χ˜1 and Rq = −
χ˜2
χ˜ 21
. (16)
Making use of the unitarity of the scattering matrix, we
find explicitly
χ˜1 =
∑
αβ
∫
dEf ′(E)A1αβ(E) = χ1 , (17)
and
χ˜2 =
∑
αβ
(
g2αβ −
∫
dEf ′(E)
A1αφ(E)A
1
φβ(E)
A0φφ(E)
)
. (18)
Comparing with Eqs. (11), we see that at zero tempera-
ture, voltage and dephasing probes equally affect the AC
conductance. At finite temperature, the electrochemi-
cal capacitance of the mesoscopic capacitor does still not
distinguish between dephasing and voltage probes, while
the charge relaxation resistance is in principle sensitive
to whether the dephasing mechanism is quasi-elastic (de-
phasing probe) or inelastic (voltage probe).
IV. INTERFERING EDGE STATE MODEL
A. Scattering matrix for independent channels
We next apply the two dephasing models described in
the previous section to a model for the scattering ma-
trix of the mesoscopic capacitor in the integer quantum
Hall regime introduced in Refs. 6 and 35, which is here
5extended to include a voltage (dephasing) probe. The
special form of the scattering matrix arises due to multi-
ple reflections of the electronic wavefunction within the
cavity in close analogy with a Fabry-Perot interferome-
ter.
The additional probe, with Nφ channels is coupled to
the single edge channel propagating through the QPC.
Clearly Nφ − 1 channels of the probe are perfectly re-
flected at the QPC from within the cavity as depicted in
Figs. 2 and 3. For simplicity, we shall assume the chan-
nels to be independent, which means that we consider
the physical edge channels to coincide with the eigen-
channels of the transmission matrix. Furthermore, we
consider a symmetric QPC and assume that each channel
couples identically to the fictitious probe with strength
ε. Then the (Nφ + 1) × (Nφ + 1) scattering matrix S1
of the QPC and the 2Nφ × 2Nφ scattering matrix Sε of
the fictitious probe have block diagonal form and may be
parameterized as follows
S1 =
(
r1 t
′
1
t1 r
′
1
)
and Sε =
(
rε t
′
ε
tε r
′
ε
)
(19)
with r1 = ir and r
′
1 = diag(ire
iφ1(E), eiφ2(E), . . .
. . . , eiφNφ (E)) where we take r to be real and φl(E) is
the phase accumulated by an electron during one round
trip along the l-th edge state through the QD. t1 =
(
√
1− r2, 0, . . . , 0)T and t′1 = (
√
1− r2eiφ1(E), 0, . . . , 0).
Finally r
(′)
ε = diag(i
√
1− ε, . . . , i√1− ε) and t(′)ε =
diag(
√
ε, . . . ,
√
ε).
The total (Nφ+1)× (Nφ+1) scattering matrix, which
is obtained from the series combination of the two scat-
tering matrices S1 and Sε, takes the form
S =
(
S11 S1φ
Sφ1 Sφφ
)
, (20)
with
S11 =
i(r + eiφ1
√
1− ε)
1 + reiφ1
√
1− ε ,
S1φ = (
√
ε(1− r2)eiφ1
1 + reiφ1
√
1− ε ,
Nφ−1︷ ︸︸ ︷
0, . . . , 0) , (21)
Sφ1 = (
√
ε(1− r2)
1 + reiφ1
√
1− ε ,
Nφ−1︷ ︸︸ ︷
0, . . . , 0)T ,
Sφφ = diag(
i(
√
1− ε+ reiφ1 )
1 + reiφ1
√
1− ε ,
i
√
1− ε+ eiφ2
1− ieiφ2√1− ε , . . .
. . . ,
i
√
1− ε+ eiφNφ
1− ieiφNφ√1− ε ) .
Using these expressions together with (10) for the volt-
age probe, respectively (16) for the dephasing probe,
we can express the electrochemical capacitance and the
charge relaxation resistance as a function of the trans-
parency T = 1− r2 of the current carrying channel, the
PSfrag replacements
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FIG. 3: (Color online) S1 is the (Nφ+1)×(Nφ+1) scattering
matrices of the QPC relating the incoming channel to the Nφ
channels inside the cavity and Sε is the 2Nφ×2Nφ scattering
matrix relating the Nφ channels in the cavity with the Nφ
channels in the probe. From these two matrices one can derive
S, the total scattering matrix relating the incoming channel to
the Nφ channels in the probe. An electron in the i-th channel
accumulates a phase φi inside the cavity.
phases φ1, . . . , φNφ and the coupling strength ε. In or-
der to investigate the crossover from the coherent to the
incoherent regime, we will later on make a specific phys-
ically motivated choice for the energy dependence of the
phases. However, even without specifying the form of the
energy-phase relation, we can already draw some general
conclusions by looking at the incoherent limit ε → 1.
This we do next after briefly reviewing the coherent case
ε = 0.
B. Results and discussion
1. General results at zero temperature
We first consider the zero temperature limit. In this
case voltage and dephasing probe models are equivalent
as shown in section III. The capacitance and the resis-
tance are given by
Cµ =
−C∑αβ A1αβ
−iC −∑αβ A1αβ , (22)
and
Rq =
∑
αβ
(
A2αβ −
A1αφA
1
φβ
A0φφ
)/∑
αβ
A1αβ

2 , (23)
where Aiαβ ≡ Aiαβ(EF ) are given in Eq. (13). In the
coherent regime (ε = 0), we recover the universal re-
sult Rq = h/(2e
2) for the resistance while the capaci-
tance is given by Cµ = Ce
2ν/(C+ e2ν), with the density
of states of the cavity ν(E) = 1/(2πi)S†(E)dS(E)/dE,
where S(E) = limε→0 S11(E), for S11 given in Eq. (21).
In the opposite, fully incoherent regime (ε = 1), we find
Cµ =
C e
2
2pi
∑Nφ
i=1 φ
′
i
C + e
2
2pi
∑Nφ
i=1 φ
′
i
, (24)
6which is independent of T , and
Rq =
h
2e2
∑Nφ
i=1(φ
′
i)
2(∑Nφ
i=1 φ
′
i
)2 + he2
(
1
T −
φ′1∑Nφ
i=1 φ
′
i
)
. (25)
For a single open dephasing channel (Nφ = 1), Eq. (25)
reduces to
Rq =
h
2e2
+
h
e2
1− T
T . (26)
Thus, as mentioned in the introduction, if only the
current carrying channel is dephased, the charge relax-
ation resistance is the sum of a constant interface re-
sistance24,25,26 Rc = h/(2e
2) and the original Landauer
resistance RL = h/e
2(1− T )/T of the QPC.
2. Smooth potential approximation
In the following, we will assume that the potential in
the cavity is sufficiently smooth so that the energy de-
pendent part of the accumulated phase is the same for
all channels. Then φ′1 ≈ φ′2 ≈ . . . φ′Nφ ≡ φ′. Within this
approximation, Eqs. (24) and (25) reduce to
Cµ =
C e
2
2piNφφ
′
C + e
2
2piNφφ
′
, (27)
and
Rq =
h
e2
1− T
T +
h
2e2
+
h
2e2
Nφ − 1
Nφ
. (28)
Written in this way, this expression for Rq again lends
itself to a simple interpretation. The first term on the
righthand side of Eq. (28), is the original Landauer resis-
tance of the QPC. The second term Rc ≡ h2e2 is the in-
terface resistance of the real reservoir-conductor interface
and the third term Rφ =
h
2e2
Nφ−1
Nφ
is the resistance con-
tributed to by the dephasing. In the limit of a very large
number of open dephasing channels (ε = 1, Nφ ≫ 1),
which corresponds physically to spatially homogeneous
dephasing, Rφ → Rc and so Rq → h/e2(1/T ) as well as
Cµ → C. Thus, in this limit the fictitious probe con-
tributes half a resistance quantum and the mesoscopic
capacitor behaves like a classical RC circuit with a two
terminal resistance in series with the geometrical gate
capacitance.
Next we investigate the crossover from the coherent
to the incoherent regime. For this purpose, we assume
that the accumulated phase depends linearly on energy
in the vicinity of the Fermi energy; explicitly we take
φ1(E) = φ2(E) = · · · = φNφ(E) = 2πE/∆, where ∆
is the mean level spacing in the cavity. Then, the fic-
titious probe is characterized by only two parameters;
the number of channels Nφ and the coupling strength ǫ.
Following Ref. 19, the latter can be related to the de-
phasing time τφ. The scattering amplitudes have poles
at the complex energies E = En − iΓe/2− iΓφ/2, where
En = (2n + 1)∆/2 with n = 0, 1, . . . is a resonant en-
ergy and Γe = −(∆/π) ln[r] and Γφ = −(∆/π) ln[
√
1− ε]
are respectively the elastic and inelastic widths. The
dephasing time τφ = ~/Γφ is then related to ε by
ε = 1− exp[−h/(τφ∆)].
In Fig. 4 we show the behavior of Rq as a function
of the dephasing strength ε, if the probe is weakly cou-
pled so that only one channel (Nφ = 1) with transmis-
sion probability ε connects the cavity to the fictitious
reservoir. We see that if the current carrying channel is
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FIG. 4: (Color online) Rq as a function of the dephas-
ing strength ε of a single channel probe (Nφ = 1) at zero
temperature, for different values of the channel transmis-
sion probability T . (1): T = 0.6, (2): T = 0.8 and (3):
T = 1. The dashed curves (a) show the off-resonant case
∆E ≡ minn(EF −n∆) = 0.5∆, while the full curves (b) show
the on-resonant case ∆E = 0. The horizontal dotted lines
represent the value of h
2e2
+ h
e2
1−T
T
for the different transmis-
sion probabilities.
perfectly transmitted through the QPC, i.e. for T = 1,
the resistance is insensitive to dephasing and is fixed to
its coherent value of half a resistance quantum (curve 3).
This is reasonable since for perfect transmission the elec-
tronic wavefunction is not split at the QPC and hence
an electron cannot interfere with itself whether or not it
evolves coherently along the edge channel. We emphasize
however, that this simple argument holds only if the de-
phasing probe couples to a single channel. If the probe is
coupled more strongly, such that it couples to additional
(closed) channels inside the cavity (Nφ > 1), the ensuing
effective incoherent coupling between channels will affect
Rq in an ε-dependent manner. Turning our attention
back to the single channel case of Fig. 4, we see that as
the transparency of the channel is reduced, the charge re-
laxation resistance increases with ε. Also evident is that
dephasing affects the resistance non-monotonically in the
off-resonant case (curves a), where the energy of the elec-
tron lies between two Fabry-Perot-like resonances, and
monotonically in the on-resonant case (curves b). This
can be related to the fact that dephasing induces both a
7decrease of the peak value and a broadening of the den-
sity of states (DOS) in the cavity. On resonance the net
result is thus always a monotonous decrease of the ampli-
tude of the DOS. Off-resonance however, the amplitude
may first increase due to the widening of the closest res-
onance. Finally, as expected dephasing is seen to affect
the resistance the stronger, the weaker the coupling to
the reservoir is, i.e. the longer an electron dwells inside
the cavity, where it can undergo dephasing.
3. Dephasing vs Temperature induced phase averaging
It is instructive to compare the results obtained in the
previous section in the incoherent limit ε = 1 at zero tem-
perature with finite temperature effects in the coherent
regime ε = 0. At finite temperature and for a perfectly
coherent single channel system, the charge relaxation re-
sistance is given by7
Rq =
h
2e2
∫
dE(−f ′(E))ν(E)2(∫
dE(−f ′(E))ν(E))2 , (29)
where ν(E) is the density of states of the channel which
was defined above and is here explicitly given by6 ν(E) =
(1/∆)
[
(1− r2)/(1 + r2 + 2r cos(2πE/∆))]. At low tem-
perature kBT ≪ ∆, an expansion around the Fermi en-
ergy yields Rq =
h
2e2
(
1 + pi
2
3β2
(
ln′[ν(EF )]
)2)
with β =
1/(kBT ). Finite temperature effects thus arise at order
T 2 and lead to the appearance of pairs of peaks in the
resistance as a function of Fermi energy around each res-
onance, where the square of the derivative of the density
of states is maximal17 (see thin red curve in Fig. 6, top).
This behavior has indeed been observed experimentally36
in the weakly coupled regime, where ∆ ≫ kBT ≫ T ∆.
At very high temperature kBT ≫ ∆, the integrals in
(29) may be evaluated asymptotically as shown in the
appendix and we obtain Rq = h/(2e
2) + h/e2(1− T )/T .
Thus phase averaging in the high temperature coherent
regime (ε = 0) is equivalent to dephasing via a fictitious
probe with a single open channel (ε = 1) at zero tem-
perature (see Eq. (26)). This fact and the crossover from
the low to the high temperature regime are illustrated
in the upper panel of Fig. 5. There we show the charge
relaxation resistance as a function of the inverse temper-
ature β for different dephasing strengths ε for Nφ = 1.
For complete dephasing (curve a), Rq is temperature in-
dependent and given by Eq. (25) with Nφ = 1. Inter-
estingly, we find that for a single channel probe, voltage
and dephasing probes equally affect the resistance even
at finite temperature. Technically this is due to the fact
that for a linear energy-phase relation such as assumed
in this work, the energy dependent parts of each factor
in the integrands of Eq. (30) below are identical.
Dephasing vs Voltage probe. At the end of the
last paragraph, we concluded that dephasing and volt-
age probes are indistinguishable for a single channel
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FIG. 5: (Color online) Upper panel: Rq as a function of the
inverse temperature β for Nφ = 1 and dephasing strengths:
(a) ε = 1, (b) ε = 0.9, (c) ε = 0.5 and (d) ε = 0. The dashed-
dotted red line gives the value h/e2(1− T )/T + h/(2e2) and
the dotted line the value h/(2e2). As discussed in the text, de-
phasing and voltage probes are indistinguishable in this case.
Lower panel: Rq as a function of the inverse temperature β
for Nφ = 2 and dephasing strengths: (a) ε = 1, (b) ε = 0.7
and (c) ε = 0. The dashed-dotted red line gives the value
h/e2(1−T )/T + h
2e2
+ h
2e2
(Nφ− 1)/(Nφ), the dotted line the
value h/e2(1−T )/T +h/(2e2)] and the dashed line the value
of h/(2e2). As discussed in the text, dephasing and voltage
probes differ for finite dephasing if ε 6= 1, (curves b). β is given
in units of the inverse level spacing ∆−1. We show here the
resonant cases ∆E ≡ minn(EF − n∆) = 0; the off-resonant
behavior is similar.
probe as long as the accumulated phase is linear in en-
ergy. When Nφ ≥ 2, the two dephasing models dif-
fer at finite temperature. Introducing the emittances35
N emα ≡ 1/(2πi)
∑
β tr[S
†
αβS
′
αβ ] = 1/(ie
2)
∑
β A
1
αβ , which
represent the DOS of carriers emitted into probe α
and the injectances N inβ ≡ 1/(2πi)
∑
α tr[S
†
αβS
′
αβ ] =
1/(ie2)
∑
α A
1
αβ representing the DOS of carriers injected
from probe β, we may write the difference of resistance
8between the two models ∆Rq ≡ RDPq −RVPq as
∆Rq =
h
e2
R
dEf ′N emφ
R
dEf ′N inφR
dEf ′tr[1 φ−S†φφSφφ]
− ∫ dEf ′ N emφ N inφ
tr[1 φ−S†φφSφφ](∫
dEf ′N )2 ,
(30)
where N = ∑αN inα = ∑αN emα is the total DOS and
for compactness we have suppressed all the energy argu-
ments. As illustrated in the lower panel of Fig. 5, we
find somewhat counter-intuitively, that the resistance is
larger in the presence of a dephasing probe than in the
presence of a voltage probe. Indeed, one would have ex-
pected that since the voltage probe is dissipative and the
dephasing probe is not, the former should lead to a larger
resistance than the latter. This intuition fails when ap-
plied to Rq. Finally, for complete dephasing (curve a)),
the two models coincide again. This is due to the fact
that for ε = 1 the coefficients given in (13) become energy
independent as a consequence of the linear energy-phase
relation.
4. Comparison with experiment
Comparison with the experiment6, leads us to some
important conclusions. In this experiment, the real and
imaginary parts of the AC conductance (4) were mea-
sured at mK temperatures kBT ≪ ∆ while varying the
transmission of the QPC, giving access to the charge re-
laxation resistance over a wide range of channel trans-
parencies. In the highly transmissive regime the quan-
tization of the charge relaxation resistance of a single
channel mesoscopic capacitor could thereby be verified.
As the coupling to the lead was reduced an oscillating
increase in resistance was measured and excellent agree-
ment with a theoretical model including only tempera-
ture broadening effects was obtained in the regime ∆≫
kBT ≫ T ∆. For higher temperatures T ∼ 4K > ∆/kB
the resistance was found to approach h
e2
for a single
perfectly open channel36 indicating that in this regime,
the cavity truly acts like an additional reservoir. In-
deed, according to our discussion in section IVB3, pure
phase averaging due to temperature broadening would
instead lead to Rq
kBT≫∆−−−−−→ h2e2 for T = 1. Thus the
observed value of the resistance hints at the presence
of a spatially homogenous dephasing mechanism effec-
tive at high temperatures, which is suppressed at low
temperatures. One such mechanism is the thermally ac-
tivated tunneling from the current carrying edge chan-
nel to nearby localized states, which together act as a
many channel voltage (dephasing) probe depending on
the energetics of the scattering process. In Fig. 6, we
show the charge relaxation resistance as a function of
the QPC voltage. The dependence of the transmission
probability on VQPC is modeled assuming that the con-
striction is well described by a saddle-like potential6,37
T = [1 + exp{−a0(VQPC − E0)}]−1 and a change in
VQPC is assumed to induce a proportional shift in the
electrostatic potential of the QD. In the upper panel we
show the coherent case ε = 0 for three different temper-
atures kBT/∆ = 0.8, 0.1 and 0.01. At low temperature
and small transmission we recognize the resistance oscil-
lations discussed in section IVB3. As the temperature
is increased, Rq goes towards h/e
2(1 − T )/T + h/(2e2).
This is to be contrasted with the situation shown in the
lower panel where we display the incoherent case for a
voltage probe with ε = 0.9, Nφ = 10 and the same set
of temperatures. For an open constriction (T ≈ 1), Rq
is now close to h/e2 in the high temperature regime in
agreement with the experimental observation.
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FIG. 6: (Color online) Rq as a function of VQPC for different
temperatures for a coherent system ε = 0 (upper panel) and
for a strongly incoherent system ε = 0.9 and Nφ = 10 (lower
panel). The inverse temperature β is given in units of the
inverse level spacing ∆−1.
V. CONCLUSION
In this work, we investigate the effect of decoherence on
the dynamic electron transport in a mesoscopic capacitor.
Extending the voltage and dephasing probe models to the
AC regime, we calculate the charge relaxation resistance
9and the electrochemical capacitance, which together de-
termine the RC-time of the system. Dephasing breaks
the universality of the single channel, zero temperature
charge relaxation resistance and introduces a dependency
on the transparency of the QPC. We find that complete
intra-channel relaxation alone is not sufficient to recover
the two terminal resistance formula but rather yields a
resistance which is the sum of the original Landauer for-
mula and the interface resistance to the reservoir. This
is also the resistance obtained in the high temperature
limit of the coherent single channel system. Only in the
presence of perfect inter-channel relaxation with a large
number of channels, does the QD act as an additional
reservoir and we recover the classically expected two ter-
minal resistance.
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APPENDIX A: HIGH TEMPERATURE REGIME
INTEGRALS
In this appendix we compute the integrals appearing in
the high temperature limit of Eq. (29). Asymptotically
we have
lim
β→0
Rq =
h
2e2
I2
(I1)2
, (A1)
where
I1 =
∫ ∆
0
dEν(E), and I2 = ∆
∫ ∆
0
dEν(E)2 (A2)
with ν(E) = 1∆
1−r2
1+2r cos 2piE
∆
+r2
. Following a change of
variables x = 2piE∆ we get
I1 =
1
2π
∫ 2pi
0
dx
1− r2
1 + 2r cosx+ r2
, (A3)
and
I2 =
1
2π
∫ 2pi
0
dx
(1 − r2)2
(1 + 2r cosx+ r2)2
. (A4)
A simple way of computing these integrals is to use the
(Poisson kernel) identity
1− r2
1 + 2r cosx+ r2
=
∞∑
k=−∞
(−r)|k|eikx , (A5)
which can easily be verified by splitting the sum as∑∞
k=−∞ x
k =
∑∞
k=0 x
k +
∑0
k=−∞ x
k − 1 and utilizing
the fact that for |r| < 1, the geometric series converge.
Integrating the sum in I1 term by term and using the
identity
∫ 2pi
0 e
ikxdx = 2πδk0 for k ∈ Z, we immediately
find I1 = 1. Similarly we have
I2 =
1
2π
∫ 2pi
0
dx
(
∞∑
k=−∞
(−r)|k|eikx
)2
=
1
2π
∞∑
k,k′=−∞
(−r)|k|+|k′|
∫ 2pi
0
dxei(k+k
′)x
=
∞∑
k,k′=−∞
(−r)|k|+|k′|δk+k′,0 = 1
∆
∞∑
k=−∞
(−r)2|k|
=
∞∑
k=0
(−r)2k +
0∑
k=−∞
(−r)−2k − 1
=
2
1− r2 − 1 =
1 + r2
1− r2 . (A6)
Substituting back into (A1) yields the desired result.
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